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UGBA 103: Introduction to Finance

Instructor: Gregory La Blanc

Spring 2006

Homework # 3

Due Thursday February 2

1. Consider a world with two points in time t0, and t1. Oski D. Bear has just inherited $5m. He (She?, It?) has only two projects that he can invest in. Project X costs $3m at t0 and pays off $3.8m at t1. Project Y costs $2m at t0 and pays off $2.5m at t1. He can lend and borrow at a bank at an interest rate of 20%. Oski is only interested in consumption today at t0. He does not get any utility from consumption at t1.

a. What is the most that Oski can consume at t0? How does he achieve this (i.e. what projects does he do and how much does he borrow or lend at the bank?)

b. How would your answers differ if Oski could lend to the bank at a rate of 15% but borrow at a rate of 30%?

a.
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Oski can take the two projects, and ask the bank to lend him money at a 20% rate. The money borrowed from the bank plus interest will be paid one year later.

Therefore, at t0 Oski can consume $5.25m.
Alternative solution (same answer):

T0


T1

(3m)

3.8m
(2m)

2.5m

5m

0


6.3m

PV = 6.3/1.20 = 5.25m can consume at t0.
b. 
	Project
	Return Rate

	X
	(3.8m-3m)/3m = 26.7%

	Y
	(2.5m-2m)/2m = 25%


Oski will not take either of the projects, because the interest rate (30%) is greater than both the return rate of project x (26.7%) and project y (25%). Oski is better off to keep the $5m at t0.
2. It is currently date 0. The 1 year rate of interest (i.e. between dates 0 and 1) is r1 = 4% per year and the 2 year rate of interest (i.e. between years 0 and 2) is r2 = 6% per year. 

a. What reinvestment rate r1,2 (forward rate) for the second year (i.e. between dates 1 and 2) can a firm lock in today at date 0?

b. What portfolio (i.e. what combination of buying and selling different maturity zero coupon bonds) would the firm use to borrow at this reinvestment rate between dates 1 and 2?

a. (1+r2)2 / (1+r1) = 1+f1,2 
(1+.06)2 / (1+.04) = 1+f1,2
((1+.06)2 / (1+.04)) – 1 = f1,2
f1,2  = 8.04% rate firm can lock in today at date 0

Alternative solution (same answer):
(1+r2)2 = (1+r1) (1+r1,2)  (page 636)
(1+6%)2 = (1+4%) (1+r1,2)

r1,2 = 8.04%

b.　Create a portfolio of a series of borrowing and lending.  This demonstrates that we cannot achieve arbitrage.
	
	T0
	T1
	T2
	

	Borrow 
	 $100
	100 X (1.04) = (104)
	0
	4% 1 spot

	Lend
	($100)
	0
	100 X (1.06)^2 = 112.36
	6% 2 spot

	Borrow
	
	104
	(104) X (1.08) = (112.36)
	8% forward

	
	0
	0
	0
	


Alternative Solution:
If the market is efficient, there will be no arbitrage. So let X be the cash you lend and borrow. We want to find out what r1,2 is. In other words, we want to borrow and lend as the following table.
	
	T0
	T1
	T2

	Lend
	0
	0
	0

	Borrow
	0
	+X
	-X(1+r1,2)


However, we need to know what r1,2 is.  And in order to have no arbitrage r1,2 must be related to r1 and r2 as the following table.
	
	T0
	T1
	T2

	Lend
	-X/(1+r1)
	+X(1+r1) /(1+r1)
	0

	Borrow
	+X/(1+r1)
	0
	-X(1+r2)2/(1+r1)


As calculated, r1,2 must equals (1+r2)2/(1+r1), because if r1,2 does not equal (1+r2)2/(1+r1) there will be arbitrage opportunity.

Take an example, if X is $1000. Your portfolio will look like 

	
	T0
	T1
	T2

	Lend
	-1000/(1+r1)
	+1000
	0

	Borrow
	+1000/(1+r1)
	0
	-1000(1+r2)2/(1+r1)


3. A bond with par value $1000 and an annual coupon (i.e. interest payment) of 8% matures in six years. The current (effective annual) yield on similar bonds is 6%. What is the current price of the bond assuming the first interest payment is a year from now?

	
	T0
	T1
	T2
	T3
	T4
	T5
	T6

	
	(1,000)
	80
	80
	80
	80
	80
	1080

	PV
	
	80/(1+6%)1
	80/(1+6%)2
	80/(1+6%)3
	80/(1+6%)4
	80/(1+6%)5
	1080/(1+6%)6


PV = PV(coupon) + PV(final payment)

PV = A(r=6%, t=6, C=80) + 1000/(1.06)6
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PV = $393.39 +704.96

PV = $1,098.35
4. A zero coupon, $1000 par value bond is currently selling for $312 and matures in exactly 10 years. 

a. What is the implied market-determined semiannual discount rate (i.e. semiannual yield to maturity) on this bond? (Remember the convention is the U.S. is to use semiannual compounding-even with a zero coupon bond)

b. Using your answer from part a, what is the bond’s

i. Nominal annual yield to maturity and its 

ii. Effective annual ytm?
a. PV = C/(1+r) 2t    

312 = 1,000/(1+ r)2*10  
312 = 1,000/(1+ r)20  
r = 6.0% semiannual
bi. 
Nominal Annual Yield to Maturity = 12%
6% X 2 = 12%
bii. 
Effective Annual ytm

(1+Annual_Ytm/m)m – 1

(1+12%/2)2 – 1 = 12.36%
a. In January 2010, the U. S. treasury issues 30-year bonds with a coupon rate of 8.25%, paid semiannually. A bond with a face value of $1000 pays $41.25 (1000*0.0825/2) every six months for the next 30 years; in May 2040, the bond also repays the principal amount, $1000. 

a. What is the value of the bond if, immediately after issue in January 2010, the 30 year interest rate increases to 9.5%?

b. What is the value of the bond if, immediately after issue in January 2010, the 30 year interest rate decreases to 6.0%

c. On a graph (preferably in Excel), show how the value of the bond changes as the interest rate changes (plot the value as a function of the interest rate). At what interest rate is the value of the bond equal to its face value?
	T0
	T1
	T2
	…
	T30

	(1000)
	41.25
	41.25
	41.25
	1041.25


a. 

PV = PV(coupon) + PV(final payment)

PV = A(r=0.095/2, t=30*2, C=41.25) + 1000 / (1+0.095/2)60  
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PV = 814.78 + 61.76
PV = $876.55
b.

PV = PV(coupon) + PV(final payment)

PV = A(r=0.06/2, t=30*2, C=41.25) + 1000 / (1+0.06/2)60  
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PV = 1,141.62 + 169.73
PV = $1,311.35
c. 

[image: image5.emf]PV versus Semiannual Coupon Rate
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	R
	PV(coupon)
	PV(final payment)
	PV

	6
	1141.617
	169.73309
	1311.35

	6.5
	1082.963
	146.7561738
	1229.719

	7
	1028.97
	126.9343059
	1155.905

	7.5
	979.189
	109.8281522
	1089.017

	8
	933.219
	95.06040102
	1028.279

	8.1
	924.4501
	92.35808663
	1016.808

	8.2
	915.8166
	89.73383512
	1005.55

	8.25
	911.5497
	88.45026433
	1000

	8.3
	907.3158
	87.18535555
	994.5011

	8.4
	898.9451
	84.7104253
	983.6555

	8.5
	890.7021
	82.30688796
	973.009

	9
	851.3184
	71.28900828
	922.6074

	9.5
	814.7811
	61.76722662
	876.5483


As the data suggest, coupon rate of 8.25% will give the same PV as the face value.
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